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Consider a degree-n extension L/K. We view L as an n-dimensional K-vector space. The
map uy : L — L, u,(y) = zy is K-linear, so we can work with its linear-algebraic properties
such as determinant and trace. Define Try i (7) = tru, and Ny /g (z) = det u,.

The main result of this chapter is: L/K is separable if and only if Try /g is surjective.

Proposition 1. Let L/K be finite and separable, with degree n. Let o1,...,0, : L — M be
the n distinct K-homomorphisms into a normal closure M for L/K. Then

n

Trpx(z) = Zai(@a Nipk(x) = Ho-’i(x)a Jon/k = H(T —oi(x)).
i=1 i=1

i=1

Proof. Proving the result for f, /x is sufficient. Let {e;} be a basis for L/K and P =
(oi(ej)) € Maty,xn(M). The o; are linearly independent, so P is not singular.

Now if the matrix of u, is A = (a;;), then xe; = > arje, so o;(x)oi(e;) =, oi(er)ar; Vi, j.
Writing S for the diagonal matrix of o;(z), this is SP = PA, so S = PAP~! s0 S and A have
the same characteristic polynomial. O

For the following main result, the major observation is that Try, /i : L — K is either the zero
map or surjective, because it is K-linear.

Theorem 2. Let L/K be finite. Then L/K is separable if and only if Try,/x is surjective.
Proof. Let n = [L : K]. If char K = 0, then Try /x(1) = n # 0 so it follows immediately.
Otherwise, consider char K = p > 0. Suppose L/K is separable, and write Homg (L, M) =
{o1,...,0n} for M a normal closure for L/K. Then Trp k() = > i oi(x). Since the o;
are linearly independent, there is some x with ) o;(z) # 0, so Try /k is nonzero, so surjec-
tive. For the converse, suppose L/K is inseparable. Then there exists some x € L such that
K(r) 2 K(zP) (by a standard result). Hence Trg(y)/k(z») = 0 by Cor. 5, so Prop. 3 gives
TrM/K =0. ]

Preliminary results used in proving Theorem 2 are given below.
Proposition 3. For M/L/K finite extensions, Trr,/x (Traz/r (7)) = Trag/x ().

Proposition 4. Let L = K(z) and f = my i = T" + cp1T" 1+ -+ + ¢ € K[T]. Then
fx,L/K =f.

Corollary 5. Let char K = p > 0 and L = K(x) where x ¢ K and 2P € K. Then Vy € L,
Trp/k(y) =0 and Ny g (y) = yP.



